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In this paper, a framework for Nonlinear Model Predictive Control (NMPC) that explicitly incorporates the

noise influence on systems with continuous state spaces is introduced. By the incorporation of noise, which
results from uncertainties during model identification and the measurement process, the quality of control
can be significantly increased. Since NMPC requires the prediction of system states over a certain horizon,
an efficient state prediction technique for nonlinear noise-affected systems is required. This is achieved by
using transition densities approximated by axis-aligned Gaussian mixtures together with methods to reduce
the computational burden. A versatile cost function representation also employing Gaussian mixtures provides
an increased freedom of modeling. Combining the prediction technique with this value function representation

allows closed-form calculation of the necessary optimization problems arising from NMPC. The capabilities

of the framework and especially the benefits that can be gained by considering the noise in the controller are

illustrated by the example of a mobile robot following a given path.
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1 INTRODUCTION

Model Predictive Control (MPC), which is also re-

tions from various fields. This is due to the fact that

not only the current system state, but also a model-
based prediction of future system states over a finite
N stage prediction horizon is considered in the control
law. For this prediction horizon, an open-loop optimal

control problem with a corresponding value function

is solved. Then the resulting optimal control input is

applied as a closed-loop control to the system.

The well understood and widely used MPC for
linear system models (Qin and Badgewell, 1997) to-
gether with linear or quadratic cost functions is not
always sufficient if it is necessary to achieve even
higher quality control, e.g. in high precision robot
control or in the process industry. Steadily grow-
ing requirements on the control quality can be met
by incorporating nonlinear system models and cost
functions in the control. The typically significant in-
crease in computational demand arising from the non-
linearities has been mitigated in the last years by the
steadily increasing available computation power for
control processes (Findeisen and Alger, 2002) and

ferred to as Receding or Rolling Horizon Control, has advances in the employed algorithms to solve the con-
become more and more important for control applica- nected open-loop optimization (Ohtsuka, 2003).
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Nevertheless, in most approaches, especially forin Section 4. In Section 5, three different kinds of
the important case of continuous state spaces, the in-NMPC controllers are compared based on simulations
fluence of noise on the system is not considered (Ca-employing the example system, which has been intro-
macho and Bordons, 2004), which obviously leads to duced in previous sections. Concluding remarks and
unsatisfactory solutions especially for highly nonlin- perspectives on future work are given in Section 6.
ear systems and cost functions. In (Deisenroth et al.,

2006) an extension of the deterministic cost func-

tion by a term considering the noise is presented. In 2 PROBLEM FORMULATION
(Nikovski and Brand, 2003) an approach for infinite

horizon optimal control is presented, where a contin- 114 considered discrete-time system is given by
uous state space is discretized by means of a radial-
basis-function network. This approach leads to a con- X1 = 8%y, U, Wi ) 5 (1)

sideration of the noise influence, but as any discretiza- wherex, denotes the vector-valued random variable
tion suffers from the curse of dlmenSIOHaIIty. of the system statey, the app“ed control input' and

In technical applications, like robotics or sensor- &(-) & nonlinear, time-invariant functiow, denotes
actuator-networks, discrete-time controllers for sys- the white stationary noise affecting the system addi-
tems with continuous-valued state spaces, e.g. thetively element-wisgi.e., the elements ok are pro-
posture of a robot, but a finite set of control inputs, cessed ina(-) just additively. For details see Sec-
e.g. turn left / right or move straight, are of special tion3.3.
importance. Therefore, in this paper a framework for
discrete-time NMPC for continuous state spaces andixrignb‘?lftvsv)cl)s\fvehn(:eled differential-drive robot is supposed to
afinite Se.t (.)f control mpm.s I.S presenteq that is based drive along a given trajectory, e.g. along a wall, with constant
on the efficient state predlctlon of nonlinear stochas- velocity. This robot can be modeled by the distance to the
tic models. Since an exact density representation in wall x, and its orientation relative to the wall ay, which leads
closed form and with constant complexity is prefer- to the discrete-time nonlinear system description
able, a prediction method is applied that is founded Xei1 = X+ V- T - sin(ay) + WS
on the approximation of the involved system transi-
tion densities by axis-aligned Gaussian mixture den-
sities (Huber et al., 2006). To lower the computa- where X, = [X«, Q] ", Vis a constant velocity, T the sampling
tional demands for approximating multi-dimensional interval and ka and Wﬁ‘ denote the noise influence on the
transition densities, the so-called modularization for System. The input U is a steering action, i.e., a change of
complexity reduction purposes is proposed. Thus, the diréction of the robot. Furthermore, the robot is equipped
Gaussian mixture representation of the predicted state‘r';';z:;ntsootrﬁ ;?Nr;ﬁziz;id(:ﬁgtigce Yi and orientation yj¢ with
can be evaluated efficiently with high approximation
accuracy. As an additional part of this framework, an Yio= X+ Vs @)
extremely flexible representation of the cost function, Vi = Ok + Vg,
on which the optimization is based, is presented. Be- yhere v and V' describe the measurement noise.
sides the commonly used quadratic deviation, a versa-

tile Gaussian mixture representation of the cost func- At any time stepk, the system state is predicted
tion is introduced. This representation is very ex- gver a finiteN step prediction horizon. Then an open-

pressive due to the universal approximation property joop optimal control problem is solved, i.e., the opti-
of Gaussian mixtures. Combining the efficient state mg| inputy; is determined according to

prediction and the different cost function represen- . .
tations, an efficient integrated closed-form approach Ui (%) = arg Tk'nvk(lk@k)
to NMPC for nonlinear noise affected systems with
novel abilities is obtained.

)

Qi1 = A+ U+ W

with

The remainder of this paper is structured as fol- Vic(Xy, Uy) =

lows: In the next section, the considered NMPC prob- k+N—1
lem is described together with an example from the LII[nlln Xklf .... ON (X n) +zkgn(xn,gn) . (@)
field of mobile robot control. In Section 3, the ef- UGN-1 SN n=

ficient closed-form prediction approach for nonlin- \yhere the optimality is defined by a cumulative value
ear systems based on transition density approximationfynction Jy(x,

and complexity reduction is derived. Different tech- )
niques for modeling the cost function are introduced (%) = i Vi(Xi, Ue) ®)
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comprising the step costr(X,,U,) depending onthe  short review on the closed-form prediction approach
predicted system statgs and the corresponding con- for scalar systems with additive noise is given. Em-
trol inputsu,, as well as a terminal Co$fy (X, n)- ploying this, modularization enables state prediction
This optimal control inpuu; is then applied to the  for system (1) based on Gaussian mixture approxima-
system at time stek. In the next time steg+ 1 the tions of the transition density functions corresponding
whole procedure is repeated. to scalar systems.

For most nonlinear systems, the analytical eval-
uation of (4) is not possible. One reason for this is 3.1 Scalar Systems
the required prediction of system states for a noise-
affected nonlinear system. The other one is the neces-For the scalar system equation
sity to calculate expected values, which also cannot be
performed in closed form. Therefore, in the next sec- Xic-1 = (X, U) + Wi
tions an integrated approach to overcome these twothe approach proposed by (Huber et al., 2006) al-
problems is presented. lows to perform a closed-form prediction resulting

in an approximate Gaussian mixture representation

1 (1) Of B4 (Xern),

3 STATE PREDICTION

L
L ) . . frrr(Xer1) = lei N (X1 — I»'iiciz) , (N

Predicting the system state is an important part in i=
NMPC for noise-affected systems. The probabil- \yhere L is the number of Gaussian components,
ity density fy,,(X.1) of the system stat@,, for — ar(x., — :;0?) is a Gaussian density with mean
the next time stefk +1 has to be computed uti- |, “standard deviatiow;, and weighting coefficients
lizing the so-called Chapman-Kolmogorov equation oy With oy > 0 as well aSZiL=1OJi — 1. For obtain-
(Schweppe, 1973) ing this approximate representation of the true pre-

£x T £x dicted density that provides high accuracy especiall

fies 1 (8c0) :/fgk()*(k”'&) i) (6) with respectyto higpher-order gr]noments z)i/nd 2\ muly

Rd timodal shape, the corresponding transition density
The transition densityf (X, 1/x) depends on the i, (%+1/xc) from (6) is approximated off-line by the
system described by (1). For linear systems with Gaussian mixture
Gaussian noise the Kalman filter (Kalman, 1960) pro- 1 (Xie1, %)
vides an exact solution to (6), since this equation is Y% 702
reduced to the evaluation of an integral over a multi- & L2 L2
plication of two Gaussian densities, which is analyti- ~ — i;‘“ A (Ker1 — W2 07) - N (X — Hi.2:07)
cally solvable. .
For nonlinear systems, an approximate description With parameter vector
of the predicted densitff’, ; (X 1) is inevitable, since n=mn' N’
an exact closed-form representation is generally im- - =TT
possible to obtain. One very common approach in comprising L axis-aligned Gaussian components
context of NMPC is linearizing the system and then (short: axis-aligned Gaussian mixture), i.e., the co-
applying the Kalman filter (Lee and Ricker, 1994). variance matrices of the Gaussian components are di-
The resulting single Gaussian density is typically not agonal, with parameters
sufficient for approximating X, , (x . Hence, we T
propose repreggnting all dgeﬁsligi)((aksﬂizwolved in (6) by Ny = [0, 1i1,01.1, M2, Gi2] -
means of Gaussian mixtures, which can be done effi- The axis-aligned structure of the approximate tran-
ciently due to their universal approximation property sition density allows performing repeated prediction
(Maz'ya and Schmidt, 1996). steps with constant complexity, i.e., a constant num-
To reduce the complexity of approximating all berL of mixture components fofy, ; (Xc11)-

density functions corresponding to system (1) and  This efficient prediction approach can be directly
to allow for an efficient state prediction, theon- applied to vector-valued systems, like (1). However,
cept of modularizations proposed, see Section 3.3. off-line approximation of the multi-dimensional tran-
Here, (1) is decomposed into vector-valued subsys- sition density corresponding to such a system is com-
tems. Approximations for these subsystems in turn putationally demanding. Therefore, in the next two
can be reduced to the scalar case, as stated in Secsections techniques to lower the computational bur-
tion 3.2. For that purpose, in the following section a den are introduced.

}T

)
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Figure 1: Modularization of the vector valued systgm, = a(Xy, U, Wy).
3.2 Vector-Valued Systems 3.3 Concept of Modularization
Now we consider the vector-valued system For our proposed NMPC framework, we assume that

Xier1 = (X, Ug) + W 8) g}e nonlinear system is eorrup.ted by elemer]t—wise ad-
itive noise. Incorporating this specific noise struc-
With X 1 = X110, X 1,2, - - X 1, d]T e RY and ture, the previously stated closed-form prediction step
NoiseW, = [Wi1, Wk 2, - . . , Wi d} c RY. Assumingw, can indirectly be utilized for system (1). Similar to
to be white and stat|onary (but not necessarily Gaus- Rao-Blackwellised particle filters (de Freitas, 2002),
sian or zero-mean), witmutually stochastically in-  we can reduce the system in (1) to a set of less com-
dependentelementswy j, approximating the corre-  plex subsystems with a form according to (8),
sponding transition densitf} (X, 11%) = f¥(xc 1 —

_ — a(m) (M) (m)
a(x,U,)) can be reduced to the scalar system case. X1 = 0% Lo W) = 3™ (%™, U) + Wy
x(M :a(m—l)(x( 1) u )+W<m 1)
i . L C 2« Y
Theorem 1 (Composed Transition Density)
The transition densityf! , (Xi1/X) of system(8)
is composed of separate transition densities of the ) 1) o(D) &
scalar systems g-), j = 1,2,...,d, where &) = X =av (X U + W
[a1(+),82(+),.,aq( )] We name this approacmodularization where the
subsystems

PROOF Marginalizing fk+1(xk+1) from the joint density

function fi (X, 1, X Wy) and separating the elementsvaf (i+1) _ (1) (5D (i) -
leadsto © <t X, al(x,u)+w’, fori=1,....m
£ 1 (%) correspond to transition densities, that can be approx-
. imated according to Section 3.1 and 3.2. Since these
= / 3%y 18Xk, U ) — Who) i (i) £ (W) dbxgedw subsystems are less complex than the overall sys-
R tem (1), approximating transition densities is also less
complex. Furthermore, a nested prediction can be
= / ]_| O(Xct-1,j — ) (X Uc) — Wi j) performed to obtain the predicted densify ; (X 1),
17
R d see Fig. 1. Starting witlx b - = X, each subsystem
X% ]‘L FWi(wy ;) dxieclw al)(-) receives amuxiliary system staka and gen-
=< erates an auxiliary predicted system sgté”.
—/( i (X 1j — @ (xk,uk))> R(%) dxye - The noisew, is separated into its subvectoié')
— according to

separate transition densities

As a result of the mutually stochastically independence of
the elements irw,, the transition density of the vector-
valued system (8) is separated ikdransition densities of
d scalar systems. Approximating these lower-dimensional
transition densities is possible with decreased computa-
tional demand (Huber et al., 2006). O Example System: Modularization

The system model (2) describing the mobile robot can be

The concept of modularization, introduced in the modularized into the subsystems

following section, benefits strongly from the result @

2 .
obtained in Theorem 1. X = sin(a) + Wy

1) 2 T
w, = W W, W)

?

in case that the single noise subvecngfé are mutu-
ally independent.
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and

2
Ker =% T A
uk+1:uk+uk+Wﬁ‘ .

The auxiliary system state Xﬁz) is stochastically dependent
on ak. We omitted this dependence in further investigations

of the example system for simplicity.

Please note that there are typically stochastic de-

pendencies between several auxiliary system states.

To consider this fact, the relevant auxiliary system

states have to be augmented to conserve the depen

dencies. Thus, the dimensions of these auxiliary
states need not all to be equal.

4 COST FUNCTIONS

In this section, two possibilities to model cost func-

tions, the well known quadratic deviation and a novel
approach employing Gaussian mixture cost functions,
are presented. Exploiting the fact that the predicted

-0.2
-0.4
am: -0.6

10
Ty —

Figure 2: Asymmetric cost function consisting of four com-
ponents (gray) with a minimum a = 2.

10
Ty, —

state variables are, as explained in the previous sec-

tion, described by Gaussian mixture densities, the

necessary evaluation of the expected values in (4) can

be calculated efficiently in closed-form for both op-
tions.

In the following, cumulative value functions ac-
cording to (5) are considered, whegg(X,,u,) de-
notes a step cost within the horizon aggx,,) a cost
depending on the terminal state at the end of the hori-
zon. The value functiodk(X) is the minimal cost for
the nextN steps of the system, starting at sta{elus
the terminal cosgn (X;,)-

For simplicity, step costs that are additively de-
composable according to

On(Xn, Un) = Gn(Xn) + 9n(Un)

are considered, although the proposed framework is
not limited to this case.

4.1 Quadratic Cost

One of the most popular cost functions is the
guadratic deviation from a target valy®r'd accord-
ing to

gé(xn) = (xn _Xn)T(Zn _Xn) :

As in our framework the probability density func-
tion of the statex,, is given by an axis-aligned Gaus-
sian mixturefX(x,) with L components, the calcula-
tion of Ex {gr(X,)}, which is necessary to compute

66

Figure 3: Multimodal cost function consisting of three com-
ponents (gray) with minima a@ = 2, X0 = 4.

(4), can be performed analytically as it can be inter-
preted as the sum over shifted and dimension-wise
calculated second-order moments

g{gé(xn)}
= E{(%, — %) (%0 — %)}

~trace £{(%, %)
= traCe.il(A)i ((BI - Xn) (E—I - Xn)T+ dla@(g| )2) )

employing E{x} = 5, & (K +07).

Example System: Quadratic Cost

If the robot is intended to move parallel along the wall, the
negative quadratic deviation of the angle ay with respect to
the wall, i.e., g2 (ap) = (an — a2 is a suitable cost func-
tion.

4.2 Gaussian Mixture Cost

A very versatile description of the cost function can
be realized if Gaussian mixtures are employed. In this
case, arbitrary cost functions can be realized due to
the Gaussian mixtures’ universal approximation prop-
erty (Maz'ya and Schmidt, 1996). Obviously, in this
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case the Gaussian mixtures may have arbitrary param5 ~ SIMULATIONS
eters, e.g. negative weights
Based on the above example scenario, several simula-

Example System: Gaussian Mixture Cost Function tions are conducted to illustrate the modeling capabil-
In case the robot is intended to move at a certain optimal ities of the proposed framework as well as to illustrate

distance to the wall (e.9. ¥ =2, with Xy=" = 0), where 4o hanefits that can be gained by the direct consid-
being closer to the wall is considered less desirable than

being farther away, this can, e.g. be modeled with a cost eration of_ noise in the optimal control optimizatiorj.
function as depicted in Fig. 2. If two different distances are The considered system is given by (2) and (3), with
considered equally optimal, this can be modeled with a cost v-T=1andug € {-0.2,-0.1, 0, 0.1, 0.2}. The con-
function as depicted in Fig. 3. sidered noise influences on the syswirandw; are
zero-mean white Gaussian noise with standard devia-
Please note that assigning rewards to a state istion oy, = 0.5 andof, = 0.05~ 2.9° respectively. The
equivalent to assigning negative costs, which leads measurement noise is also zero-mean white Gaus-
to the depicted negative cost functions in Fig. 2 and sian noise with standard deviatialj = 0.5 anda¥ =
Fig. 3. 0.1~ 5.7°. All simulations are performed ford = 4
Here, the calculation of the expected value step prediction horizon, with a value function accord-
Ex,{0%(X,)}, which is necessary for the calculation ing to (5), wheregn (X,n) is the function depicted in

of (4), can also be performed analytically Fig. 2 andgn(X,,U,) = On (X n) VN. In addition, the
modularization is employed as described above.
E{gn(x0)} To evaluate the benefits of the proposed NMPC
- framework, three different kind of simulations are
= /R L T 0xn) - G (y) performed:
L
— —_u-di )2 Calculation of the input without noise considera-
/]Rd i;wi ALl — i diag(o)) tion (deterministic NMPC):

M The deterministic control is calculated as a bench-
. Z wj A (X, —Ej;diag(gj)z) dx; mark neglecting the noise influence.
=1

,_
<

L 2 Direct calculation of the optimal input considering

Wi /Rd A (% — W s diag(g; )) dx, all noise influences (stochastic NMPC):
1 The direct calculation of the optimal input with con-
sideration of the noise is performed using the tech-

=}

with nigues presented in the previous sections. Thus, it is
P & . 2 possible to execute all calculations analytically with-
wij = wi00j - A (W, — s diag(g;)” + diag(g;)?) , out the need for any numerical methods. Still, this

approach has the drawback that the computational de-
mand for the optimal control problem increases expo-
nentially with the length of the horizoN. Thus, this
approach is suitable for short horizons only.

where fX(x,) denotes thelL-component Gaussian
mixture probability density function of the system
state (7) andj(x,) the cost function, which is a Gaus-
sian mixture withM components.

Calculation of the optimal input with a value
4.3 Input Dependent Part function approximation scheme and Dynamic Pro-

gramming (stochastic NMPC with Dynamic Pro-
The input dependent part of the cost functigifuy,) gramming):
can either be modeled similar to the procedures de-In order to be able to use the framework efficiently
scribed above or with a lookup-table since there is just also for long prediction horizons, it is necessary to
a finite number of discrete,. employ Dynamic Programming (DP). Unfortunately,

Using the efficient state prediction presented in this is not directly possible, as no closed-form so-

Section 3 together with the value function representa- lution for the value functionJ, is available. One
tions presented above, (4) can be solved analytically easy but either not very accurate or computation-
for a finite set of control inputs. Thus, an efficient ally demanding solution would be to discretize the
closed-form solution for the optimal control problem state space. More advanced solutions can be found
within NMPC is available. Its capabilities will be il- by value function approximation (Bertsekas, 2000).
lustrated by simulations in the next section. For the simulations, an especially well-suited case of
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Figure 4: First 40 steps of a simulation (red solid line: stochastic NMP@ngdetted line: stochastic NMPC with DP, blue
dashed line: deterministic NMPC).

value function approximation is employed that has Table 1: Simulation Results.
been described by (Nikovski and Brand, 2003). Here,

the state space is discretized by covering it with a Contm”.er. __| veragpcost

finite set of Gaussians with fixed means and covari- detgiiiinistic “QET95 (100.00%)
. . . stochastic -0.7299 (110.66%)

ances. Then weights, i.e., scaling factors, are selected stochastic DP|  -0.6824 (103.48%)

in such a way that the approximate and the true value
function coincide at the means of every Gaussian. Us-

ing these approximate value functions together with ¢t than the deterministic one. This finding has been
the techniques described above, again all calculationsyjigated by a series of 100 Monte Carlo simulations
can be executed analytically. In contrast to the di- ity different noise realizations and initial values.
rect calculation, now the computational demand in- The yniformly distributed initial values are sampled
creases only linearly with the length of the predic- om the intervalxo € [0,8] and ag € [—T1/4,T1/4)].
tipn horizon butquadr_atically in the numbe( of Gaus- | Taple 1, the average step costs of the 100 simu-
sians used to approximate the value function. Here, |yions with 40 steps each are shown. To facilitate the
the value functions are approximated by a total of 833 comparison, also normalized average step costs are
Gaussians equally spaced over the state space Withirbiven. Here, it can be seen that the stochastic con-
(%, 0n) € Q= [-2,10 x [-2,2]. troller outperforms the deterministic one by over 10%
For each simulation run, a particular noise realiza- in terms of cost. In 82% of the runs, the stochastic
tion is used that is applied to the different controllers. controller gives overall better results than the deter-
In Fig. 4(a), the first 40 steps of a simulation run are ministic one. By employing dynamic programming
shown. The distance to the wall is depicted by the  together with value function approximation the bene-
position of the circles, the orientatian by the orien-  fits are reduced. Here, the deterministic controller is
tation of the arrows. Besides that the system is heav-only outperformed by approximately5®6. The anal-
ily influenced by noise, it can be clearly seen that the ysis of the individual simulations leads to the conclu-
robot under deterministic control behaves very differ- sjon that the control quality significantly degrades in
ently from the other two. The deterministic controller case the robot attains a state which is less well ap-
just tries to move the robot to the minimum of the proximated by the value function approximation as it
cost function aks = 2 and totally neglects the asym-  Jies outsideQ. Still, the dynamic programming ap-
metry of the cost function. The stochastic controllers proach produced better results than the deterministic
lead to a larger distance to the wall, as they consider approach in 69% of the runs. These findings illustrate
the noise affecting the system in conjunction with the the need for advanced value function approximation
non-symmetric cost function. techniques in order to gain the very good control per-
In Fig. 4(b), the evaluation of the cost function for formance of the direct stochastic controller together
each step is shown. As expected, both stochastic con-with the efficient calculation of the DP approach.
trollers perform much better, i.e., they generate less
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