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Abstract: Two-Frame-Theory is a recently proposed method fdisBape recovery. It estimates shape by solving a first
order quasi-linear partial differential equation through the method of characteristics. One major drawback of
this method is that it assumes an orthographic camera which limits its application. This paper re-examines the
basic idea of the Two-Frame-Theory under the assumption of a perspective camera, and derives a first order
quasi-linear partial differential equation for shape recovery under turntable motion. Dynamic programming is
used here to provide the Dirichlet boundary condition. The proposed method is tested against synthetic and
real data. Experimental results show that perspective projection can be used in the framework of Two-Frame-
Theory, and competitive results can be achieved.

1 INTRODUCTION Nonetheless, only spars®3oints or a very coarse
visual hull can be recovered if the number of images

Shape recovery is a classical problem in computer used for reconstruction is comparatively small. Pho-

vision. Many constructive methods have been pro- tometric stereo, which is a single-view method, uses
posed in the literature. They can generally be classi- Mages taken from one fixed viewpoint under at least

fied into two categories, namely multiple-view meth- three differentillumination conditions. No image cor-
ods and single-view methods. Multiple-view meth- respondences are needed. If the albedo of the ob-

ods such as structure from motion (Tomasi, 1992) ject and the lighting directions are known, the surface
mainly rely on finding point correspondences in dif- orientations of the object can be determined and the

ferent views, whereas single-view methods such as Shape of the object can be recovered via integration

photometric stereo use shading information to recover (Woodham, 1980). However, most of the photometric
the model. stereo methods consider orthographic projection. Few

Multiple-view methods can be further divided into works are related to perspective shape reconstruction

point-based methods and silhouette-based methods.(Tankus and Kiryati, 2005). f the albedo of the ob-

Point-based methods are the oldest technique for 3 Jectis unknown, p_hot_ometri_c stereo may not be fe"’.‘Si'
reconstruction (Pollefeys et al., 2001). Once feature ble. Very few studies in the literature use both shading

points across different views are matched, the shapeand motion cues under a general framework. In (Jin
of the object can be recovered. The major draw- et al., 2008), the B reconstruction problem is formu-

back of such methods is that they depend on find- lated by combining the lighting and motion cues in

ing point correspondences between views. This is a variational framework. No point correspondences

the well-known correspondence problem which itself |s_needed in the_ algorithm. Hoyve_verz the method_ in
is a very tough task. Moreover, point-based meth- (Jinetal., 2008) is based on optimization and requires

ods do not work for featureless object. On the other piecewise constant albedo to guarantee convergence

hand, silhouette-based methods are a good choice fof© @ local minimum. In (Zhang et al., 2003), Zhang

shape recovery of featureless object. Silhouettes areSt al. unified multi-view stereo, photometric stereo

a prominent feature in an image, and they can be eX_and structure from motion in one framework, and

tracted reliably even when no knowledge about the achieved good reconstruction results. Their method
surface is available. Silhouettes can provide rich in- has a general setting of one fixed light source and one

formation for both the shape and motion of an object camera, bu(tj V\l’ith the assumption of an orthographic
(Wong and Cipolla, 2001; Liang and Wong, 2005). camera model.
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Similar to (Jin et al., 2008) , the method in (Zhang X = (X,Y,Z) denotes the B coordinates of a point
et al., 2003) also greatly depends on optimization. A on the surface. The projection &f in the first im-
shape recovery method was proposed in (Moses andage is defined akijx; = PX, whereP, is the projec-
Shimshoni, 2006) by utilizing the shading and mo- tion matrix, X is the homogenous coordinates %f
tion information in a framework under a general set- andX; is the homogenous coordinates of the image
ting of perspective projection and large rotation an- point. Similarly, the projection oK after the rota-
gle. Nonetheless, it requires that one point correspon-tion is defined as\jXj = P;X, whereP;j is the pro-
dence should be known across the images and the objection matrix after the rotation. The first image can
ject should have an uniform albedo. be represented blyx;,yi), where(x;,y;) is the inho-

A Two-Frame-Theory was proposed in (Basri and mogeneous coordinates of the image point. Similarly
Frolova, 2008) which models the interaction of shape, the second image can be represented(By,y;). Let
motion and lighting by a first order quasi-linear par- the surface of the object be representedZio)X,Y).
tial differential equation. Two images are needed to Suppose that the camera is set on the negative
derive the equation. If the camera and lighting are axis. The unit normal of the surface is denoted by

fully calibrated, the shape can be recovered by solving x y) — (ZxZv,=1) " wherezZy — %2 andz, — 92
the first order quasi-linear partial differential equa- (%,Y) VZx2 2% +1’ X~ oX A

tion with an appropriate Dirichlet boundary condition. After rotating the object by a small andle@round the
This method does not require point correspondences -axis, the normal of the surface point becomes
across different views and the albedo of the object.

However, it also has some limitations. For instance, cosB 0 sind Zx

it assumes an orthographic camera model whichis a ng(X,Y) = 0 1 0 Zy

restrictive model. Furthermore, as stated in the paper, —sin® 0 codP -1

it is hard to use merely two orthographic images of an ! 1
y grap 9 Zx cosB — sinB 1)

object to recover the angle of out-of-plane rotations. r 2
This paper addresses the problem of 3D shape re- - Zusi g 9
covery under a fixed single light source and turntable N&Hshe —co

motion. A multiple-view method that exploits both  Directional light is considered in this paper and it is
motion and shading cues will be developed. The fun- expressed as a vector (I1,12,13) . Since the object
damental theory of the Two-Frame-Theory will be re- s considered to have a lambertian surface, the inten-

examined under the more realistic perspective camerasities of the surface point in the two images are given
model. Turntable motion with small rotation angle is py

considered in this paper. With this assumption, it is

easy to control the rotation angle compared to the set- p(11Zx + 122y — 13)

ting in (Basri and Frolova, 2008). A new quasi-linear [(X,Yi) = pl'n= = = , (@
partial differential equation under turntable motion is VIx“+ 4y +1
derived, and a new Direchlet boundary condition is J(x;.y;) =plTne

obtained using dynamic programming. Competitive ' _ .

results are achieved for both synthetic and real data. — P((11608~138iM8)Zx + 152y —l1sinb —I5c09)) ©)

This paper is organized as follows: Section 2 de- VZx2+2Zv?+1
scribes the derivation of the first order quasi-linear . . )
partial differential equation. Section 3 describes how  Wherepis the albedo for the current point. 8fis
to obtain the Dirichlet boundary condition. Section 4 Very small, (3) can be approximated by
shows the experimental results for synthetic and real

data. A brief conclusion is given in Section 5. p((l1—138)Zx +12Zy — 116 —13))

\/szJrZYZJr 1

The albedo and the normal term (denominator) can be

2 FIRST ORDER QUASI-LINEAR eliminated by subtracting (2) from (4), and dividing
PDE the result by (2). This gives

‘](vayj) ~ (4)

Turntable mot_ion _is considered in this paper. Simi- (11Zx + 122y —13)(I(Xj, ;) — 1 (%, ¥i))
lar to the setting in (Basri and Frolova, 2008), two — (—18—152x8)1 (%, i)
images are used to derive the first order quasi-linear 19— 134xB)I6 i)
partial differential equation (PDE). Suppose that the Note that some points may become invisible after ro-

object rotates around the Y-axis by a small angle. Let tation and that the correspondences between image

(5)
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points are unknown beforehand. If the object has a has given a detailed explanation of how the method
smooth surface, the intensity of th® $oint in the of characteristics works. It is also noticed that the
second image can be approximated by its intensity in quasi-linear partial differential equation should have

the firstimage through the first-ordebZaylor series
expansion:

I(X),Y1) A I, Y1) + I (6, Yi) (65— %) + Jy (%, i) (Y 7)?2;)
Therefore,

J(xj,Yj) = 1(xi, 1) = (X, 1) — 1 (%, i)+

(X, i) (X5 —Xi) 4 Jy (i, ¥i) (Y — Vi) )

a unique solution. Otherwise, the recovered surface
may not be unique. In the literature of quasi-linear
partial differential equation, this is considered as the
initial problem for quasi-linear first order equations.
A theorem in (Zachmanoglou and Thoe, 1987) can
guarantee that the solution is unique in the neighbor-
hood of the initial boundary curve. However, the size
of the neighborhood of the initial point is not con-
strained. It mainly depends on the differential equa-
tion and the initial curve. It is very important to find

an appropriate Dirichlet boundary. In this paper, dy-
namic programming is used to derive the boundary
curve.

Substituting (7) into (5) gives

(12Va1 + 131 (%, ¥i)8) Zx + 12V Zy = —1181(xi,yi) (8)
where

3 BOUNDARY CONDITION

Vi =306, Y1) — 106, Y1) + I(Xi, Yi) (X) — %)

+Jy (%, Yi) (Yj — Yi)-

Note thatx;, yi, Xj, andy; are functions of, Y, and
Z, and (8) can be written more succinctly as

Under perspective projection, the Dirichlet Boundary
condition cannot be obtained in the same way as in
(Basri and Frolova, 2008). As noted in (Basri and
Frolova, 2008), the intensities of the contour genera-
tor points are unaccessible. Visible poi(,Y’,Z)
) nearest to the contour generator are a good choice for
boundary condition. If the normal’ of (X',Y’,Z')
is known, Zx and Zy can be derived according to

n(X,Y) = &Z% Note that (9) also holds for
(X',Y',Z"). Therefore(X’,Y’,Z") can be obtained by
solving (9) with knownZy andZy values. The prob-
lem of obtaining(X’,Y’,Z") becomes the problem of
how to obtaim’.

a(X,Y,Z)Zx +b(X.Y,Z)Zy = c(X,Y,Z)

where

ax.v,z) =
b(X,Y,Z) =
c(X.,Y,Z) =

Il\/JI + |3| (Xivyi>ev
PAATR
—11061 (i, ¥i). (20)

(9) is a first-order partial differential equation in Let (X7Y,Z) be a point on the contour generator
Z(X,Y) Furthermore, it is aqusi-linear partial differ- (see Figure ]_) Sincé)(,Y7 Z) is a contour genera-
ential equation since it is linear in the derivatives of tor point, its normah. must be orthogonal to its vi-
Z, and its coefficients, nameB(X,Y,Z), b(X,Y,Z), sual rayV. Consider a curv€ given by the inter-
andc(X,Y,Z), depend orZ. Therefore, the shape of  section of the object surface with the plameefined
the object can be recovered by solving this first or- py V andn.. In a close neighborhood @, Y, Z),
der quasi-linear partial differential equation using the the angle betweew and the surface normal aloi®y
method of characteristics. The characteristic curveswould change from just smaller than 90 degrees to
can be obtained by solving the following three ordi- just greater than 90 degrees. Now consider a visible
nary differential equations: point (X’,Y’,Z") on C close to(X,Y,Z), its normal
n’ should make an angle of just smaller than 90 de-
grees withv. If (X',Y’,Z) is very close tdX,Y, Z),
n’ would also be very close ta.. To simplify the es-
dy(s) timation of n’, it is assumed that’ is coplanar with
ds Ne and lying onTt. n’ can t_herefore be obtained by
dz(s) rotatingn¢ around an axis given by the normlof 1t
= ¢(X(s),Y(s),Z(9)), (11) by an arbitrary anglg. According to the lambertian
ds law, n’ can be obtained by knowing the intensities of
wheres is a parameter for the parameterization of corresponding points across different views and the
the characteristic curves. (Basri and Frolova, 2008) albedo. However, no prior knowledge of point cor-
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respondences and albedare available. Similarto  Since the derived first order quasi-linear partial differ-
the solution in (Basri and Frolova, 200®)andy can ential equation is based on the assumption of small ro-
be obtained alternatively. The image coordinates of tation angle, the image sequences are taken at a spac-
the visible point nearest to the contour generator caning of at most five degrees.

be obtained by searching along a liheetermined by ‘

the intersection of the image plameand Tt As for '
eachyin the range G< y < T, a corresponding albedo
is computed ang is chosen as the mean of these
computed valuesy is then computed by minimizing
(I — pl "R(y)nc)?, whereR(y) is the rotation matrix
defined by the rotation axisand rotation anglg. n’

is finally determined aR(y)nc and(X',Y’,Z’) can be N T
obtained by minimizing

Xx.z)

Evon= |la(X’,Y',Z")Zx + b(X",Y',Z"\Zy —c(X',Y',Z)||%.
(12) /
Dynamic programming is used to obtgX’,Y’,Z").
Two more constraints are applied in the framework rjgyre 1: Computing boundary condition. The visible curve
of dynamic programming. One is called photometric nearest to contour generator is a good choice for the bound-
consistency which is defined as ary condition. The curve can be obtained by searching the
points whose normal is coplanar with those of the respective

Epho( p) _ Z(ICI(p) _ |an(p>>2’ (13) contour generator points.
q

wherep is a D point on the contour generator, and
lq(p) is a component of the normalized intensity mea-
surement vector which is composed of the measure-
ment of intensities irg neighboring views andq(p)
is the normal ofp in the g™ neighboring view.

The other constraint is called surface smoothness
constraint which is defined as:

Econ(p, P') = || pos(p) — pos(p) |3 (14) Figure 2: Shadow effect for shape recovery. Left column:

wherepos(p) denotes the B coordinates of poinp original image for one view used for shape recovery and

) 4 1 ‘ shadow appears near the left arm of the Venus model. Mid-
andpogp') denotes the B coordinates of its neigh- dle column: characteristic curves without using intensity

bor pointp’ along the boundary curve. difference threshold for the solution of partial differiat
The final Energy function is defined as equation. Right column: characteristic curves after using
intensity difference threshold for the solution of partié
E = UBbon+ NEpho+ WEcon (15) ferential equation.

wherey, n, w are weighting parameters. By mini- i
mizing (15) for each visible point nearest to the con- It has been assumed that the synthetic model has a

tour generator, the nearest visible boundary curve canPUré lambertian surface since the algorithmiis derived
be obtained and used as Dirichlet Boundary condition 2ccording to the lambertian surface property. Itis also
for solving (9). quite important to get good boundary conditions for

solving the partial differential equations.
As for synthetic experiment, it is easier to gen-
erate the image without specularities. However, it is
4 EXPERIMENTS hard to control the image sequence without shadows
due to the lighting directions and the geometry of the
The proposed method is tested on synthetic modelsobject. From (9), (10), and (11), it can be noted that
and real image sequence. The camera and light sourcehe solution of the first order quasi-linear partial dif-
are fixed and fully calibrated. Circular motion se- ferential equation mainly depends on the change of
guences are captured either through simulation or bythe intensities in the two images. If the projection of
rotating the object on a turntable for all experiments. the point in the first view is in shadow, the estima-
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Figure 3: Reconstruction of the synthetic sphere model wiiform albedo. The rotation angle is 5 degrees. Light diioac
is [0,0,—1]T, namely spot light. Camera is set on the negalivaxis. Left column: two original images. Middle column:
characteristic curves for frontal view (top) and the chtastic curves observed in a different view (bottom). Rigblumn:
reconstructed surface for front view (top) and the recoestd surface in a different view (bottom).

Figure 4: Shape recovery for the synthetic cat model. Léfirna: two images used for reconstruction. Middle column:
characteristic curves for the view corresponding to thert@me in the left column (top) and the characteristic cunleserved

in a different view (bottom).Right column: Recovered sheith shadings in two different views.

tion of the image intensity using Taylor expansionin 4.1 Experiment with Synthetic M odel
the second view will also be inaccurate. The charac-
teristic curves will go crazy (see Figure 2). In order The derived first order quasi-linear partial differential
to avoid the great error caused by shadow effect, the equation is applied to three models, namely the sphere
intensity difference for the estimation points should model, cat model, and Venus mod&he = 51 is used
not be larger than a threshodghewhich is obtained  for all the synthetic experiments to avoid the influence
through the experiments. of shadow in the image.
The first simulation is implemented on the sphere
model. Since the image of the sphere with uniform
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Figure 5: Shape recovery for the Venus model. Left columrnu itwages used for shape recovery. Middle column: charac-
teristic curves for the view corresponding to the top imagthe left column (top) and the characteristic curves oleskin a
different view (bottom).Right column: Recovered shapéwsttadings in two different views.

albedo does not change its appearance after its ro- Similarly seven images are used for getting the
tation aroundy-axis (see Figure 3), only one image boundary condition.
is used to recover thelBshape. Any small angle can The front of the Venus model is recovered by us-
be used to the proposed equation. Nonetheless, if theing two neighboring view images for solving the de-
sphere has non-uniform albedo, two images will be rived quasi-linear partial differential equation. The re-
used for shape recovery. Figure 3 shows the original sult is shown in Figure 5.
images, the characteristic curves observed in two dif- After the recovery of characteristics curves,

ferent views, and the recovere® 3hape examined  shapes for the Cat and Venus model with shadings are

in two different views. The sphere model is assumed shown by using the existing points to mesh software
to have a constant albedo. The reconstruction error isVRmesh. The right columns of Figure 4, and Figure

tested by using/Z — Z|2/11Z|13, whereZ denotes the 5 show the results.
estimated depth for each surface point dnd|» de-
notes thd, norm. The mean error is.83% for the
sphere with constant albedo which is competitive to
the result in (Basri and Frolova, 2008).

The second simulation is implemented on a cat The real experimentis conducted on a ceramic mouse.
model. The image sequence is captured under gen-The mouse toy is put on a turntable. The relative po-
eral lighting direction and with rotation angles atthree Ssitions of the lighting and the camera is fixed. The
degrees spacing. Seven images are used to get thénage sequence is taken by a Cannon#samera
boundary condition. Two neighboring images are with a 34 mm lens. The camera is calibrated USing
used for solving the derived quasi-linear partial dif- @ chessboard pattern and a mirror sphere is used to
ferential equation. The results are shown in Figure 4. calibrate the light. The image sequence is captured
It can be observed that the body of the cat can be re-With the rotation angle at five degree spacing. It can
covered excepta few errors appeared at the edge Thé)e observed that there are specularltles onthe bOdy of
last simulation is implemented on a Venus model. The the mouse. The intensity threshold is used to elimi-

sequence is taken at a spacing of five degrees. nate the bad effect of the specularities since the pro-
posed algorithm only works well on lambertian sur-

4.2 Experiment with Real Images
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Figure 6: Shape recovery for a mouse toy. Left column: twogesaused for shape recovery. Middle column: characteristic
curves for the view corresponding to the top image in thecigftmn (top) and the characteristic curves observed irferdiit
view (bottom).Right column: Recovered shape with shadingwo different views.

face. In order to avoid the shadow effect for solv- with large angle, image intensities on the second im-
ing the partial differential equatiode = 27 isused  age cannot be approximated by the two dimensional
which is smaller than the value used in the synthetic Taylor expansion. Some coarse-to-fine strategies can
experiment since the captured images are compara-be used to derive new equations. In additions, the ob-
tively darker. The original images and the charac- ject is assumed to have a lambertian surface and the
teristic curves are shown in Figure 6. Although the lighting is assumed to be a directional light source.
mouse toy has a complex topology and the images The recovered surface can be used as an initialization
have shadows and specularities, good results can bdor shape recovery method using optimization, which
obtained under this simple setting. Right column of can finally get a full 3D model. Further improvement
Figure 6 shows the results. should be made before the method can be applied to
an object under general lightings and general motion.
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