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Abstract: Graph cuts can be used to find globally minimal contours and surfaces in 2D and 3D space, respectively.
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To achieve this, weights of the edges in the graph are set so that the capacity of the cut approximates the
contour length or surface area under chosen metric. Formulas giving good approximation in the case of the
Euclidean metric are known, however, they assume isotropic resolution of the underlying grid of pixels or
voxels. Anisotropy has to be simulated using more general Riemannian metrics. In this paper we show how
to circumvent this and obtain a good approximation of the Euclidean metric on anisotropic grids directly by
exploiting the well-known Cauchy-Crofton formulas and Voronoi diagrams theory. Furthermore, we show
that our approach yields much smaller metrication errors and most interestingly, it is in particular situations
better even in the isotropic case due to its invariance to mirroring. Finally, we demonstrate an application of
the derived formulas to biomedical image segmentation.

INTRODUCTION instance, volumetric images produced by optical mi-
croscopes often have notably lower resolution in the

Graph cuts were originally developed as an elegantZ axis than in thexy plane. Hence, before process-
tool for interactive image segmentation (Boykov and ing it is necessary to either upsample theirection
Funka-Lea, 2006) with applicability to N-D problems Which substantially increases computational demands
and allowing integration of various types of regional Or downsample th&y plane which causes loss of in-
or geometric constraints. Nevertheless, they quickly formation. Last option is to simulate the anisotropy
emerged as a general technique to solve diverse comusing the more general Riemannian metrics. Unfor-
puter vision and image processing problems (Boykov tunately, it turns out that the corresponding formu-
and Veksler, 2006). Particularly, graph cuts are suit- las have significantly larger approximation error that
able to find global minima of certain classes of en- once again can be reduced only for the price of slower
ergy functionals (Kolmogorov and Zabih, 2004) fre- and more memory intensive computation taking into
quently used in computer vision in polynomial time. account larger neighbourhood.
Among others, these may include energy terms de-  In this paper we show how to solve the above
pendent on contour length or surface area. This is duementioned problem and derive the weights required
to (Boykov and Kolmogorov, 2003) who proved that for the approximation of the Euclidean metric on
despite their discrete nature graph cuts can approxi-anisotropic grids directly. For this purpose we fol-
mate any Euclidean or Riemannian metric with arbi- low (Boykov and Kolmogorov, 2003) and exploit the
trarily small error and derived the required formulas well-known Cauchy-Crofton formulas from integral
for edge weights. geometry. However, several amendments allow us to
In the following text we focus on the Euclidean obtain a better approximation. Namely, we employ
metric as it is essential for graph cut based mini- Voronoi diagrams theory to calculate the partitioning
mization of many popular energy functionals such as of angular orientations of lines which is required dur-
the Chan-Vese model for image segmentation (Chaning the discretization of the Cauchy-Crofton formu-
and Vese, 2001) (Zeng et al.,, 2006). The formu- las. This among other things makes our approxima-
las derived in (Boykov and Kolmogorov, 2003) as- tion invariant to image mirroring. Moreover, we show
sume isotropic resolution of the underlying grid of that our approach has much smaller metrication error,
pixels/voxels which is a limitation in some fields. For especially in the case of small neighbourhood or large
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Figure 1: (a) 8-neighbourhood 2D grid graph. (b) 16- b

neighbourhood system on a grid with isotropic resolution.

Figure 2: (a) 8-neighbourhood system on a grid with

anisotropy and that under specific conditions it is bet- anisotropic resolution. (b) Computation 8¢

ter even in the isotropic case.

The paper is structured as follows. The notation
and known results are briefly reviewed in Section 2.
In Section 3 we present our contribution and derive
the formulas approximating the Euclidean metric on
both 2D and 3D grids with anisotropic resolution.
Section 4 contains detailed discussion of the approxi-
mation error and gives example of an application of
our results to biomedical image segmentation. We
conclude the paper in Section 5.

tour. Since algorithms for finding minimal cuts con-
stitute well studied part of combinatorial optimiza-
tion (Boykov and Kolmogorov, 2004) this would al-
low us to effectively find globally minimal contours
or surfaces satisfying certain criterion.

The technical result of (Boykov and Kolmogorov,
2003) answers the question positively. Based on the
Cauchy-Crofton formula from integral geometry the
weights for a 2D grid should be set to:

tHNON
2|e&

The whole derivation of the formula is omitted here,
so is the extension to 3D grids. Both are being ex-
plained in more detail in the remaining text. Never-
theless, as already suggested in the introduction Eu-
clidean metric is not the only one that can be approxi-
mated using graph cuts. The complete discussion can
be found in (Kolmogorov and Boykov, 2005).

1)

Wik =

2 CUT METRICS

Consider an undirected graphembedded in a reg-
ular orthogonal 2D grid with all nodes having topo-
logically identical neighbourhood system and with
isotropic spacing between the nodes. Example of
such graph with 8-neighbourhood system is depicted
in Fig.1a. Further, let the neighbourhood syst&m
be described by a set of vectags= {ey,...,en}. We
assume that the vectors are listed in the increasing or-
der of their angular orientation@ ¢« <1 We also 3 EUCLIDEAN METRIC ON
assume that vectoeg are undirected (we do not dif- ANISOTROPIC GRIDS
ferentiate betwees, and —ey) and shortest possible
in given direction, e.g. 16-neighbourhood would be
represented by a set of 8 vectoygs = {ex,...,es}
as depicted in Fig.1b. Finally, we define the distance
between the nearest lines generated by vestiorthe
grid aspy (for 8-neighbourhood these are depicted in
Fig.1a). .
Lets assume each edegg is assigned particular 3.1 2D Grids
weight wy and imagine we are given a contour as
shown in Fig.1la. This contour divides the nodes of Consider an undirected graghembedded in a reg-
the graph into two groups based on whether they lie ular orthogonal 2D grid with all nodes having topo-
inside or outside the contour. A catis defined asthe  logically identical neighbourhood system. However,
set of all edges joining the inner nodes with the outer let the spacing of the grid nodes Bganddy in hori-
ones. The cut capacity|; is the sum of the weights  zontal and vertical directions, respectively. Otherwise
of the cut edges. The question stands whether it isthe whole notation remains unchanged. Example of
possible to set weightsy so that the capacity of the an 8-neighbourhood system over an anisotropic grid
cut approximates the Euclidean lengttj of the con- is depicted in Fig. 2a.

Up until now we assumed that the grid of graph nodes
has isotropic resolutiod. In this section we investi-
gate the anisotropic case and adjust the edge weight
formulas appropriately.
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Now, consider the Cauchy-Crofton formula that
links Euclidean lengtic|e of contourc with a mea-
sure of a set of lines intersecting it:

1
|c|s=§/nch @)

where. is the space of all lines amg(l) is the num-
ber of intersections of liné with contourc. Every
line in a plane is uniquely identified by its angular
orientation@ and distance from the origin. Thus,
the formula can be rewritten in the form:

T +°°n )
Icls:/0 /40 @dpw ©)

and discretized by partitioning the space of all lines
according to the neighbourhoad = {e,...,en}:

n .
N ne(k,i)
ICle = Zl <IZTADI<> Ay (4)
wherei enumerates lines generated by vegor-ur-
ther, letnc(k) = i nc(k,i) be the total number of in-
tersections of contour with all lines generated by
vectore,. We obtain:

n ApA\
el 3 nell) =5 (5)
From the last equation it can be seen, that if we set
ApA\
w = S (6)
then (proof omitted):
Oy, Oy—0
clg ——2 cle )

supAg—0,suplex|—0

will be assigned different weights and it indeed has a
negative effect on the approximation as we will show
in the following section

The solution lies in different partitioning of the
unit circle of angular orientations. We do not uti-
lize Agy in the way it has been used so far. Instead
we introduce new symbdhg, which from a proba-
bilistic point of view can be interpreted as a measure
of lines closest ta in terms of their angular ori-
entation. The computation is done as follows. Let
S = {‘211—‘,...,‘2—‘} be a set of points lying on a unit
circle. We calculate the Voronoi diagram ©fon the
1D circle manifold and defin&q to be the size of the
Voronoi cell corresponding to poi E The whole
process is depicted in Fig. 2b. It reduces to the fol-
lowing formula:
A +2A(PK,1 )
Putting this together with Eq.6 and Eq.8 the final edge
weights for a 2D grid with anisotropic resolution are
calculated as:

o BPde  83,(ba+0g 1)
2 A 4|

Such edge weights still follow the distribution of the
angular orientations of lines generated by vectors in
Al but in a smarter way causing the approximation to
be invariant to contour mirroring while not breaking
the convergence of the original approach at the same
time.

g =

(10)

3.2 3D Grids

In three dimensions the contour is replaced by a

Finally, the distance between the closest lines gener-surfacec? and the graphs is embedded in a reg-

ated by vectoey in the grid equals to:

5,y

|ex|

and if we substitute EQ.8 into Eq.6 we obtain the
above mentioned Eq.1.

So far we have followed the method of (Boykov
and Kolmogorov, 2003). However, whép # dy this

Api = 8

ular orthogonal 3D grid withdy, 8, and 3, spacing
between the nodes ix y and z directions, respec-
tively, with all nodes having topologically identical
3D neighbourhood systemg = {e1,...,en} (e.g. 6-,
18- or 26-neighbourhood).

This time Apy expresses the "density” of lines
generated by vectas. It is calculated by intersect-
ing these lines with a plane perpendicular to them and

approach has a serious flaw. One may notice that incomputing the area of cells in the obtained 2D grid of

the example depicted in Fig. 2a edgesand e, will
be assigned different weights becaige # Ag, and
Apz = Apy. But this means that if we mirror the con-
tour horizontally we will obtain different cut capacity.

Hence, edge weights derived this way are not invari-

ant to mirroring, which is rather inconvenient prop-
erty causing additional bias of the approximation. In

fact, this bias is present in the isotropic case as well,

but not for all neighbourhoods. For instance, in the
16-neighbourhood depicted in Fig.1b edgeandeg

70

points. It can be easily computed using this formula:

Ox0y0;
||
Each vectore is now determined by two angular
orientations¢yk and Yy with Ag corresponding to
the partitioning of the unit sphere among the angu-
lar orientations of vectors in/. In fact, this formu-
lation is rather vague and it is unclear how to cal-
culateAgy the way it is being described in (Boykov

Apx = (11)
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Figure 3: Metrication error (in percents) in 2D for severaibinations of neighbourhood system and anisotropy ratio.

and Kolmogorov, 2003). Particularly because for al- the spherical Voronoi diagram we recommend to use

most all common 3D neighbourhoods (e.g. 18- or 26- the convex hull based method described in (Brown,

neighbourhood) the distribution of the angular orien- 1979). Putting this all together we end up with the

tations is not uniform (this stems from the fact, that final formula for 3D anisotropic grids:

it is not possible to create a Platonic solid for such Y Y

number of points). W, = APAG  Ox0yOAY (14)

The capacity of a cut is analogously defined as the s T & |

sum of the weights of the edges joining grid nodes en- . . .

closed by the gurface2 with tghosle Iying ?)utside and 'I_'o conclude this section, this approa}ch can be the-

the goal is to set the weight so that the capacity oretically extended to any number of dimensions. In

of the cut approximates the area of the surface underthe ger_1e_ra| N-D case one would have to calculate
Voronoi diagram of points on a hypersphere tofygf

Euclidean metric. The Cauchy-Crofton formula for . . . .
smzjrfe;ce areain I3D ist v 4 weights. The adjustment dipy is straightforward.

1
|c?|e = ﬁ/nch (12)

and using the same derivation steps as in the case o
2D grids yields the following edge weights:

- DOLO_ 3880 (13)

) 7 _T[|eK| . To benchmark the approximations we chose to mea-
The problem with the clarity oAq is addressed  gyre the multiplicative error they give under partic-
easily by extending our concept of Voronoi diagram jar angular orientations in 2D. Graphs of the er-
based weightAg,. Lets = {‘le—"---,%} beasetof o are available in Fig. 3. The figure contains 12
points this time lying on a unit sphere. We calculate graphs where each column corresponds to a partic-
the Voronoi diagram ofs on the 2D sphere surface ylar 2D neighbourhood and each row to a particu-
manifold and defin&g; to be the area of the Voronoi  |ar anisotropy ratio. We compared our approxima-
cell corresponding to poing. This is a general  tion with the method described in (Boykov and Kol-
and explicit approach that can be used for any type mogorov, 2003). To simulate the anisotropy we had to
of neighbourhood. Unfortunately, the spherical case embed it into a Riemannian metric in the latter case.
can not be reduced to a simple formula. To compute According to the referenced paper the weights for a

A EXPERIMENTAL RESULTS

4.1 Approximation Error
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(b) (c) (d) (e)
(b) (c) (d) (e)

Figure 4: Two examples of biomedical image segmentatiomytsie Chan-Vese model. (g3 cross-section of the segmented
image. (b) Level-set based method. (c) Graph cuts with edgdghis for isotropic resolution. (d) Graph cuts with aniepy
embedded into the Riemannian metric. (e€) Graph cuts witledge weights.

Riemannian metric with a constant metric tenfbr  factual length, i.e. zero is the ideal meaning no er-

over an isotropic 2D grid should be set to: ror. As can be seen from Fig. 3 both approaches per-
A detD form equivalently in the isotropic case for 4- and 8-

Wﬁ = L (15) neighbourhood. For larger neighbourhoods our ap-

2ey] (UI -D-u)%/2 proach is almost two times better and its invariance

to mirroring is also apparent as the graph is sym-

metrical around value§, mand 37” With increasing

) 530 detD anisotropy the gap widens and especially for smaller

= - 2 (16) neighbourhoods the difference is really huge. How-
e (Ug-D-) ever, note that the maximal error depends primarily

in case of a 3D grid. Resolution change correspondsOn supAg and that this value increases with increas-
to a constant metric tensor with eigenvectors aligned ing anisotropy. Thus, for high anisotropy ratios using

whereuy = ‘%‘ and to:

with the coordinate system and eigenval&gands;. larger neighbourhood is inevitable.
Hence, the metric tensor simulating the anisotropic
grid has the following form: 4.2 Applicationsto I mage Segmentation
& 0
D= ( 6( 55) (17) In this subsection we show the practical impact of our

results and evaluate the benefits of the improved ap-
Notice that ifD is the identity matrix the second term proximation in biomedical image segmentation. We
in Eq.15 and Eq.16 vanishes and the formulas reducechose the Chan-Vese segmentation model (Chan and
to the isotropic case. Vese, 2001) that is being very popular in this field
The multiplicative error measures in percents the for its robust segmentation of highly degraded data.
difference between the approximated value and the The Chan-Vese model is a binary segmentation model
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which corresponds to piecewise-constant specializa-ric with a constant metric tensor with eigenvectors
tion of the well-known Mumford-Shah energy func- aligned with the coordinate system. However, the
tional. In simple terms, it segments the image into general case of this metric is also being widely used
two regions trying to minimize the length of the fron- in several fields including image segmentation. Tak-
tier between them and their intensity variance. This ing into accountthe relatively high error of the current
functional can be minimized using graph cuts (Zeng formulas we would like to make use of the presented
et al., 2006) and as it tries to minimize the boundary results and focus on better approximations of the gen-
length it obviously depends on the Euclidean metric eral case of the Riemannian metric in our future work.
approximation.

To test the improvement of our approximation
over the previous approach also in 3D we plugged ACKNOWLEDGEMENTS
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As explained in Section 4.1 anisotropic grids cor-
respond to a special case of the Riemannian met-
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