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Abstract: This paper studies the global robust stability of delayed neural networks. A new sufficient condition that
ensures the existence, uniqueness and global robust asymptotic stability of the equilibrium point is presented.
The obtained condition is derived by using the Lyapunov stability and Homomorphic mapping theorems and
by employing the Lipschitz activation functions. The result presented establishes a relationship between the
network parameters of the neural system independently of time delays. We show that our results is new and
improves some of the previous global robust stability results expressed for delayed neural networks.

1 INTRODUCTION Yu,1998); (Liao et al., 2001); (Mohamad, 2001); (Oz-

can and Arik, 2006); (Singh, 2007); (Sun and Feng,
In recent years, neural networks proved to be a use-2003); (Wang and Michel, 1996); (Yi and Tan, 2002).
ful system which has been successfully applied to  The neural network model we consider in this pa-
various practical engineering problems such as op- per is described by the following equations:
timization, image and signal processing, and asso-

ciative memory design. In the design of neural net- dx(t) n

works for solving practical problems, the key fac- e URS Zla”fi (xj(t)

tor associated with the dynamical behavior of neu- . =

ral networks is the characterization of the equilibrium n Z bij £ (X (t— 1)) + i, i =1,2,....n (1)
J:

point in terms of the network parameters and activa-
tion functions. In some special applications of neu-

ral networks such as designing neural networks for \yheren is the number of the neuronst) denotes
solving optimization problems, the eqwhbnum point  the state of the neurdrat timet, f; () denote activa-
of the designed neural network must be unique and tjon functions a;; andb; are the weight coefficients,
globally asymptotically stable. On the other hand, 1; are the delay parametetsis the constant input to
when an electronically implemented neural network ine neurori ¢ is the charging rate for the neuran

is used in real time applications, we might get faced  Neyral network model (1) can be written in the
with two undesired physical event that may affect the \gctor-matrix form as follows

dynamics of neural networks. The first event is the

time delays time delays that occur during the signal ¢ty — _cxt) - Af(x(t BF(x(t —T u (2
transmission between the neurons, the other one is the ®) () + AT(() + BIX( N+ @
deviations due the to the tolerances of the electronic . T n
components used in the implementation of neural net- vcvh:erziag?g) S _0) (Xl(its),)g(gééi'éicg(té)iagoial Rm’a_
works. The readers can find a detailed robust stability ;. ' — (aal') rg”: (B8 e U = (U, Upy oy Un) T
analysis of delayed neural networks under various as- _ _ | f(x(t))l n:X"’(f (x (tij) nfxr(‘x ) 1’f2(7);r.]'(’t>r)])T
sumptions on the activation functions and presentvar- 4 Fxt — 1) 1:1 (f’(; (tz - ’T)’) r]l (ot —
ious robust stability conditions for different classes of D)y Fa(n(t — )T 1A 1), 12l72

neural networks in (Arik and Tavsanoglu, 2000); (Cao 2 I’t.;/.\;illnbe assur;ned.that the matric€s A and B
an_d Wang, _2003)5 (Cao an(_j Wang,.20_05); (Ensari a.nd in (2) are uncertain but their elements have the lower
Ar_lk, 2010); (Forti and Te§|, 1995); (Li et aI.,.2003), and upper bounds. That is to s&, A and B are
(Liao and Wang, 2000);(Liao et al., 2002); (Liao and assumed to have the parameter ranges defined as
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follows :
C :={0<C<C<C,i.e,0<G<G<G}
A i={A= (aj) :A<A<Ajie, a;<aj<a;} (3)
B := {B= (bij) :BngB,i.e.,Qijgbijgbij}

We also assume thdt(-) are Lipschitz continuous,

i.e., there exist some positive constatits- 0 such
that

[fi(x) = fi(y)|<lilx—yl,i=1,2,...n, VX,y € R Xy

The class of Lipschitz activation functions is
denoted byf € ..

The following two lemmas will play an important
role in determining the sufficient conditions for the
global robust exponential stability of the equilibria of
neural networks (1) and (2) :

Lemma 1 (Cao and Wang, 2005). Let the matrice
andB in (3) be defined in the intervals € [A,A] and

B € [B, B]. Then, the following inequalities hold :
HA2<] A2+ 1A ]2
|IB][2<]|B"[|2+ [[Bx||2

whereA* = 2(A+A), A, = 3(A-A),B* = 1(B+B)

andB, = 5(B—B).

=

Lemma 2 (Ensari and Arik, 2010). Let the matrices
A andB in (3) be defined in the intervals € [A,A]
andB € [B,B|. Then, the following inequalities hold :

IIAllzé\/IIA"II§+ [IA13+ 2| AT Al 2
||B||2§\/||5*||§+ [1B.13+2]|BT[B"|ll2

whereA* = 3(A+A), A, = 3(A-A),B* = 3(B+B)
andB, = 3(B-B).

Lemma 3 (Singh, 2007). Let the matrice#\ andB in
(3) be defined in the intervafse [A, Al andB € [B, BJ.
Then, the following inequalities hold :

||A||2§||'§||2
[|B]2<||B||2

wher(AaA = (&j)nxn with &; = max{|a; |, [a&;|} and
B = (bij )nxn with bij = max{|b; [, bij|}.

Lemma 4 (Forti and Tes, 1995). If H(x) € C°
satisfies the following conditions

(i) H(x) #H(y) for all x #y,

(i) [[H()[[—>o0 @s|[x|| e,

604

then,H (x) is homeomorphism aR".

We also make use of the following vector norm
and matrix norm in the proof of our main result. Let
V= (V1,V2,...,Vn)T € R"andW = (Wij )nxn. Then, we
have

n 1/2
IVJ2 = { ZW} 11Qll2 = Mera( QT QI 2

I
Throughout this paper, for = (v1,Vz,...,va)" € R",
|v| will denote|v| = (|vi], |V, ...,|va|)T. For any ma-
trix W = (Wij )nxn, [W| = (JWij[)nxn. If W is positive
definite, thenAm(W) andAp (W) will denote the min-
imum and maximum eigenvalues\f, respectively.

2 GLOBAL ASYMPTOTIC
ROBUST STABILITY ANALYSIS

In this section, we present new sufficient conditions
for the existence, uniqueness and global robust sta-
bility of the equilibrium point for the neural systems
(). We proceed with following result:

Theorem 1. Let f € £. Then, the neural network
model (2) is globally asymptotically robust stable, if
the following condition holds

Q" =r—|[P[l2—[IQl[2>0
wherer = 7 with cm = min(c) andpm = max(p),
and

Pl = min{[|AJ2+ [[A] |2
VA B+ A3+ 21 AT A 2. A2}
IQll = min{|[B*|l2+[B.|2

\/IIB*II%+ [1B.13+21IBT B*|||2. ||B|2}
Proof: For the map

H(x) = —Cx+Af(x)+Bf(x)+u
we have
HX) —H({y) = -Cx=y)+A(f(x)—f(y))
+B(f(x) = f(y))
If we multiply both sides of (20) byx—y)T, then we
get:

(x=y)T(HX) —H(y))
= —(x—y)"Cx—y)

+(x—=y)TA(f(x) - f(y))
+(x=y)"B(f(x) - f(y))

—Crml[x— ][5
+([[All2+[1Bl[2)[[X=Yl[2[| f (X) = f(Y)]|2

IN
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The fact tha| f (x) — f(y)||]2 < Hm||X—Y||2 implies For 1i; = 1j, (4) can be expressed in the matrix-
T vector form as follows :
(X=y) (H(X)—H(y))

< —nllx=YII3-+ w(I/A 2+ [1B12)lIx— Y113 Aty = ~CA + Aglt) + Bolat-T) - (6)
where z(t) = (z(t),2(t),...,z(t))T € R" is state
vector of transformed neural systeng(z(t)) =
(x=y)"(HX) —H(y)) (02(z1(1)), B2(22(1)); -, Gn(Zn(t)))T andg(z(t — 1)) =

_ 2 2 (91(ze(t —11)),02(22(t = 12)), ..., On(Zn(t — Tn))) .
< —cmlx=YI13+ i (|IPll2+ [|Ql12)[x— Y113 Now construct the following positive definite Lya-

Since||Al[2<[[P][2, ||B||2<][Ql|2, we obtain

which is equivalent to punov functional
1 Lot
= (x—y)T(H() ~ H(y) V) = Fwanky [ 2Qw
Hm =17/t
< —(r—=(lIPll2+IQII2)IIx I3 where thek is a positive constant to be determined
= —Q|Ix—yl5 (4) later. The time derivative of the functional along the
. ) trajectories of system (5) is obtained as follows
implying that
(x=y) (H() —H(y)) <0, ¥x#y V() = —27()caAt) +22 (HAg(L))
T 2
from which it can be directly concluded that +227 (1)Be(z(t—T)) +Kl[z()[|2
H(x) # H(y) whenx # y. —K||z(t—1)||3
< —=2cm||2t)[[5 +2|Alll[z)]]2]l9(2(t)) ]2
In order to show that|H(x)|| — 0 as||x|| — 00, +2[|B]|2]|z(t)[|2]|0(z(t — 1)) |2

we lety = 0in (21), in which case, we can write
y=0in(21) AKl20)[B—Kltt - 1)[3

—2cm||2(t)[[5 + 24 [|Al|2]|2(t) 3
+2um|[B|l2/[z(t)[[2]]z(t = T)][2
from which one can derive that +K||2(t)]|3 — K|zt —=1)||3

IN

ix%H(x) SHO) < —0|IX2

IX[o|[HX) —HO)|ls > Q|2 < —2em|[z(0)][5+2um | |Al[2l|2(1)] 13
Using |X|le < [[x|l2 and [[H(X) — H(O)|l. > +h (B [2][2(t)] 13+ bw| Bl |2l |2t — )3
[ - fetl 2 2
IH(X)|l1 — |[H(0)|[2, it follows that |[H(X)|ls > IOl K=ol
Q*um||X||2 + [|H(0)||2. Since||H(0)||1 is finite, we < —2cm[[z(t)[2+ 2um [Pl [2] 12(t) 13

conclude that||H(x)|| — o as||x|| — . Hence, +um|Ql[2]z(t)| 13

under the condition of Theorem 1, neural network (1) 2 2
- S ) ' t— K||z(t

has a unique equilibrium point. Fhul[Qll2ll2t =2 + K212

We will now simplify system (1) as follows : we Kzt =113
letz(-) =x(-) —x, i=1,2,...,n and note that the
z(-) are governed by : Lettingk = um ||Q||2 results in
n
Al)=—aa+ 3 2igi#) V(@) < 2em—pwllPllz - Wl [Qll2) 120

= 2 (r—[IPll2— [1Qll2)IIz(t)[3
—2uQ|[2(1)]13

+ bi'g'(z'(t*Ti'))a i=12,..,n (5
JZ‘ 191\4) J

wheregi(z(-)) = fi(z (-)+x) - fi(x'), i=1,2,....n. It is easy to see that(z(t)) < O for all z(t) # 0,
It can easily be verified that the functiogs satisfy andV(z(t)) = 0 if and only if z(t) # 0. In addition,
the assumptions of i.e., f € £ implies thatg € . V(z(t)) is radially unbounded sincé(z(t)) — « as
We also note thagi(0) = 0,i=1,2,..,n. Itisthus 74, « Thus, it follows that the origin system

sufficient to prove the stz_ibility of the origin Qf the (5), or equivalently the equilibrium point of system
transformed system (4) instead of considering the (2) is globally asymptotically stable.

stability ofx* of system (1).
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We will now compare our result obtained in Liao, X., Chen, G, and Sanchez, E. N. (2002). Lmi-based
Theorem 1 with a previously reported corresponding approach for asymptotic stability analysis ofdelayed

stability result which is given in the following: nglrgggeigggk& IEEE Trans. Circuits and Syst.|

Liao, X. F., Wong, K. W., Wu, Z., and Chen, G. (2001).

Theorem 2 (Ozcan and Arik, 2006). Let f € Novel robust stability for interval-delayed hopfield

L. Then, the neural network model (2) is globally neural. IEEE Trans. Circuits and Syst.#8:1355—
asymptotically robust stable, if 1359.
Liao, X. F. and Yu, J. (1998). Robust stability for interval
o=r—(||[A"[l2+ [[Ad |2+ [[B[ |2+ [[B[|2) > O hopfield neural networks with time deldf£EE Trans.

Neural Networks9:1042-1045.
Mohamad, S. (2001). Global exponential stability in
) continuous-time and discrete-time delayed bidirec-
Since [|P||2<||A |2 + ||Addll2, [|1Ql2<]IB*||2 + tional neural networksPhysica Q) 159:233-251.
||B«||2, Theorem 1 directly implies the result of The- Ozcan, N. and Arik, S. (2006). Global robust stability
orem 2.The result of Theorem 2 can be considered a analysis of neural networks with multiple time delays.
special case of the result of Theorem 1. IEEE Trans. Circuits and Syst$3(1):166-176.

Singh, V. (2007). Global robuststability of delayed neural
networks: Estimating upper limit of norm of delayed
connection weight matrixChaos, Solitons and Frac-

3 CONCLUSIONS tals, 32:259263.

Sun, C. and Feng, C. B. (2003). Global robust exponen-
tial stability of interval neural networks with delays.
Neural Processing Letterd 7:107-115.

Wang,-K.-and Michel,-A. N.(1996). On the- stability of

wherer = I with ¢m = min(¢ )andpm = max(p).

By using a proper Lyapunov functional, we have ob-
tained a easily verifiable delay independent sufficient

condition for the global robust stability of the equilib- family of nonlinear time varying systemiEEE Trans.
rium point. We have also compared our result with the Circuits Syst.43(7):517-531.

previous corresponding robust stability results pub- vi, z. and Tan, K. (2002). Dynamicstability conditions for
lished in the previous literature, proving that our con- lotka-volterra recurrent neural networks with delays.
dition is new and generalizes previously reported re- hysical Review F66:011910.

sults.
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